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ABSTRACT 
The edges of a complete graph on 16 vertices are colored with three colors in such 
a way that no unicolored triangles are formed. Two such coloring schemes are known, 
and these are obtained here by a new method.  In addition, we prove that these are the 
only ones possible. 
1. INTRODUCTION 
Each of the (~) edges of a complete graph on n vertices is painted with 
one of t possible colors. A coloring scheme in which there is no triangle 
whose three edges have the same color will be called a (3)~-coloring. 
N~ is the greatest integer for which a (3)t-coloring of a complete graph on 
N~ vertices exists. The existence of Nt is implied by a theorem of 
F. P. Ramsey [4]. Obviously N 1 = 2. Greenwood and Gleason [2] have 
proved that N2 = 5 and N3 = 16. According to Professor P. ErdOs 
(oral communication, April 1966), a Hungarian philosopher proved 
several years ago that N4 = 65, but this proof has neither been examined 
by a mathematician nor reported in the literature. 
A (3)~-coloring of a complete graph on N~ vertices will be called 
maximal. It is easy to show that the maximal (3)2-coloring is unique. 
However two different maximal (3)3-colorings have been constructed. 
The first of these was obtained in [2] using finite field residue theory, 
and by another method in [3]. The second was found in the summer of 
1966 using a search program on the University of Waterloo's IBM 7040 
computer. The program was written by an undergraduate, Mr. Lee James. 
In this paper, we give a new construction which yields both of these 
maximal (3)3-colorings. In addition, we shall prove that every other 
maximal (3)Z-coloring may be obtained from one of these two by suitably 
renaming its vertices and colors. 
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2. PRELIMINARY DEFINITIONS AND RESULTS 
Let 1 be any vertex in a (3)t-coloring G of the complete graph on n 
vertices. Consider the coloring H~ of the complete subgraph whose 
vertices are joined to 1 by edges of  color i. Since G contains no mono-  
chromatic triangles, Hi  contains no edges of color i, and is a (3) t-I- 
coloring in the other t - -  1 colors. Thus Hi contains at most N_  vertices 
(i ~ 1, 2 ..... t). The total number of  edges from 1 is at most tNt 1, and 
the number of vertices is at most tNt_l + 1. This shows that 
Nt <~ tNi_a q- 1. (1) 
Equality holds in (1) if t ---- 2 or t = 3, and also for t ~- 4 if N4 = 65 is 
correct. (1) is a special case of a more general inequality given by Erd6s 
and Szekeres [1]. 
We shall be concerned with the particular case t = 3, n ----- 16. There are 
15 edges from each vertex, N2 ~ 5 of each color. A complete subgraph 
on 5 vertices, which are joined to some vertex by edges of one color, 
must be (3)2-colored in the other two colours. 
Let G and H be two coloring schemes. An isomorphism of G and H 
is a 1-1 mapping of the vertices of G onto the vertices of H such that each 
edge of color i in G is mapped into an edge of color r~ in H (i = 1, 2,..., t), 
where (rl, r2 ..... rt) is a permutation of (1, 2,..,  t). This means that, if 
two coloring schemes G and H are isomorphic, one may be obtained 
from the other by renaming vertices and colors. 
We shall refer to a (3)t-coloring on n vertices as unique if every other 
(3)~-coloring on n vertices is isomorphic to it. It is easy to see that the 
(3)~-coloring on 5 vertices is unique. It follows f rom the arguments at 
the beginning of this section that each vertex must be incident with N2 = 2 
edges of each color. Then the edges of  color i must form a pentagon 
(i ~ 1, 2). The unique maximal (3)2-coloring is illustrated in Figure 4(a). 
Figures 4(b), (c), and (d) give isomorphic colorings. 
We saw at the beginning of this section that each (3)t-coloring will have 
embedded in it many (3)t-l-colorings. I f  one knows all maximal (3) ~-l- 
colorings, the task of  constructing (3)~-colorings or proving their non- 
existence becomes less difficult. For  example, the construction for (3) 3- 
colorings given below depends heavily upon the uniqueness of the maximal 
(3)2-coloring. There is some hope that (3)4-colorings can be built up in a 
similar manner from the two non-isomorphic maximal (3)3-colorings 
constructed here. 
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3. A LEMMA 
We shall name the colors red, blue, and green. Red edges are represented 
in diagrams by solid lines, blue edges by broken lines, green edges by 
dotted lines, and vertices by heavy dots. In this section, we prove 
LEMMA I. Let 1, 2, be two vertices joined by an edge of color i in a 
(3)3-coloring on 16 vertices. Then at most two vertices can be joined to both 
1 and 2 by edges of color j ~ i. 
Without loss of generality, we may assume that edge 1-2 is blue, and 
prove that at most two vertices can be joined to both 1 and 2 by red edges. 
The proof is in two parts. We assume (a) that four or more vertices are 
joined to 1 and 2 by red edges; then (b) that three vertices are joined to 
1 and 2 by red edges. In each case, we show that there can be no (3) 3- 
coloring. 
(a) Suppose that at least four vertices 3, 4, 5, 6 are joined by red edges 
to 1 and 2 (Figure 1). 1 is joined by blue edges to four additional vertices 7, 
8, 9, 10. Of the edges 2-7, 2-8, 2-9, 2-10, at most one can be red and none 
can be blue. So at least three of these edges, say 2-8, 2-9, 2-10, must be 
green. Then, in order to avoid blue and green triangles, we must color the 
triangle 8-9-10 in red. Hence case (a) is impossible. 
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FIGURE 1 
(b) Now suppose that three vertices 3, 4, 5 are joined by red edges to 
both 1 and 2 (Figure 2). Then 1-6, 1-7, 2-8, 2-9 are red edges. If, as in (a), 
three of the vertices 10, 11 ..... 16 were joined to 1 by blue edges, they 
would be joined to 2 by green edges and would necessarily form a red 
triangle. Thus at most two of 10, 11 ..... 16 are joined to 1 by blue edges; 
1-8 and 1-9 must be blue. We may take 1-10 and 1-11 blue. Similarly, 
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2-6, 2-7, 2-15, and 2-16 are blue. The remaining edges from 1 and 2 are 
green. 
Either 1-6-7 or 2-6-7 will be monochromatic unless 6-7 is green. 
Similarly 8-9 is green. Vertices 6, 7, 3, 4, 5 are joined by red edges to l, 
and the complete graph on these vertices must be (3)~-colored in blue 
and green. The green edges form a pentagon, and by symmetry we may 
8 
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FIGURE 2 
choose them to be 7-3, 3-4, 4-5, and 5-6. Then 6-3, 6-4, 7-4, 7-5, and 
3-5 are blue. A similar argument applies to 3, 4, 5, 8, 9. By symmetry 
in 8 and 9, color 8-3 and 9-5 green. Then 3-9, 4-9, 4-8, and 5-8 are blue. 
Either 6-4--9 or 6-8-9 will be monochromatic unless 6-9 is red. Similarly 
7-8 is red. The complete subgraph on the five vertices joined to 4 by blue 
edges must be (3)2-colored in red and green. The red edges form a 
pentagon, and thus one of 6-8, 7-9, is red and the other is green. By 
symmetry (interchange 6 and 7, 8 and 9, 3 and 5), color 7-9 red and 
6-8 green. 
Edges in the lower half of Figure 2 may be colored by the above 
arguments with "red" and "green" interchange. We now consider edges 
joining 3, 4,..., 9 to 10, 11 ..... 16. 
The complete graph on vertices 2, 8, 9, 10, 11 which are joined to 1 by 
blue edges must be (3)~-colored in red and green. Since 2-8, 2-9, and 
I0-11 are red, and since the red edges form a pentagon, either (i) 8-11 and 
9-10 are red, 8-10 and 9-11 are green, or (ii) 8-11 and 9-10 are green, 
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8-10 and 9-11 are red. However, if Figure 2 is reflected in the "mirror" 
1-2 and colors red and green are interchanged, (ii) is seen to be isomorphic 
to (i). So only case (i) need be considered. 
Either 9-10-15 or 9-11-15 will be monochromatic unless 9-15 is blue. 
Now 9, 2, 15, and 16, along with some other vertex x, are joined to 11 by 
green edges. The complete graph on these vertices must be (3)~-colored 
in red and blue, and each vertex is incident with two edges of each colour. 
Since 15-9 and 15-2 are blue, 15-x is red. Also 2-15 and 2-16 are blue, 
so that 2-x is red. Then x-9 and x-16 are blue, and 9-16 is red. 
Now 9-6-7 or 2-6-7 will be monochromatic unless 6-7 is green. 
Similarly, 6-16 and 7-16 must be green, and 6-7-16 is a green triangle. 
Thus no (3)3-coloring exists, and the lemma is proved. 
4. THE CONFIGURATION FORMED BY EDGES OF ONE COLOR 
We are now ready to prove 
LEMMA 2. In a (3)a-coloring on 16 vertices, the subgraph formed by 
the 16 vertices and the edges of one color is isomorphic to the graph in 
Figure 3. (This representation f the graph appeared in [3]). 
PROOF: Let 16 be any vertex in a (3)3-coloring. The complete subgraph 
on the five vertices 1, 2, 3, 4, 5 joined to 16 by red edges is (3)2-colored 
in blue and green. The complete subgraph on l l ,  12, 13, 14, 15 joined to 
16 by blue edges is (3)2-colored in red and green. Since the red edges form 
a red pentagon, choose them to be 11-12, 12-13, 13-14, 14-15, and 15-11, 
while 11-13, 13-15, 15-12, 12-14, and 14-11 are green. Similarly, 16 is 
joined by green edges to 6, 7, 8, 9, 10 where 6-8, 8-10, 10-7, 7-9, and 
9-6 are red and 6-7, 7-8, 8-9, 9-I0, and 10-6 are blue (Figure 3). 
There remain four red edges from l, and since there are no red triangles 
1 is joined by red edges to two of {6, 7, 8, 9, 10}, and to two of 
{ll, 12, 13, 14, 15}. In fact 1 is joined by red edges to 6 and 7, to 7 and 8, 
to 8 and 9, to 9 and 10, or to 10 and 6. Similarly, 1 is joined by red edges 
to 11 and 13, to 13 and 15, to 15 and 12, to 12 and 14, or to 14 and 11. 
But the same remarks apply to red edges from 2, 3, 4, and 5. If 1 and 2 
were both joined by red edges to 6 and 7, there would be three vertices 
(6, 7, and 16)joined by red edges to both 1 and 2, contradicting Lemma 1. 
By symmetry in 1, 2, 3, 4, 5, color 1-8, 1-9, 2-9, 2-10, 3-10, 3-6, 4-6, 
4-7, 5-7, and 5-8 red. Now by symmetry in l l ,  12, 13, 14, 15, color 1-15 
and 1-12 red. 
il 
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I f2-12 or 2-15 were red, there would be three vertices joined to 1 and 2 
by red edges, contrary to Lemma 1. But 2-13 and 2-14 cannot both be 
red. Thus 2-11 is red, and either 2-13 or 2-14 is red. By symmetry in 13 
and 14, color 2-13 red. Similarly 5-11 is red, and either 5-13 or 5-14 is red. 
But if 5-13 were red, 2 and 5 would both be joined by red edges to three 
vertices (11, 13, and 16), contradicting Lemma 1: Therefore, 5-14 is red, 
and similarly 3-12, 3-14, 4-13, and 4-15 must be red edges. 
There remains one red edge from 6 to 11, 12, 13, 14, or 15. If 6-12, 
6-13, 6-14, or 6-15 were red, one of 6-3-12, 6-8-13, 6-9-14, 6-4-15, 
would be a red triangle. Therefore 6-11 is red. Similarly 7-12, 8-13, 9-14, 
and 10-15 are red. The red edges in a (3)3-coloring form the configuration 
shown in Figure 3. The same arguments may be applied to green edges or 
to blue edges, and the lemma is proved. 
Lemma 2 shows that, in a (3)3-coloring on I6 vertices, the subgraph 
formed by edges of one color is isomorphic to the subgraph formed by 
edges of any other color. Furthermore, given two such colorings, red 
edges in the first form a subgraph isomorphic to that formed by red 
edges in the second. Any (3)3-coloring may be obtained by fitting together 
three copies of Figure 3--one for each color. In Section 5 we show that 
this can be done in just two ways. 
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5. CONSTRUCTION OF TWO (3)3=COLORINGS 
Because of the complexity of the diagrams, we shall represent he 
coloring schemes by incidence matrices. The incidence matrix for a (3) 3- 
coloring on 16 vertices will be a 16 by 16 symmetric matrix (rn~j), where 
entry mi~. will be R if edge i-j is red, B if i-j is blue, and G if i-j is green 
(i @ j). Diagonal elements need not be defined, and only the subdiagonal 
portion of the matrix need be recorded. 
TABLE 1 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
R R 
R R 
R R 
g R II 
R R 
R 
R R 
R III 
R R 
R R 
R 
B 
R B 
R R 
B R 
R 
R 
R 
B 
R B 
IV 
R 
R 
R 
G R 
G G R 
R G G R R 
R R R R R G G G G G B B B B B [. 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
The incidence matrix for the construction in Lemma 2 is given in 
Table 1. Blank spaces indicate edges whose colors have not yet been 
assigned, but each of these edges will be blue or green. That portion of 
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TABLE 2(a) TABLE 2(b) 
G 
BG 
BBG 
GBBG 
BGRRG 
GBGRR B 
RGBGR RB 
RRGBG RRB 
GRRGB BRRB 
G R B BR R B G G B 
R GR B B BR BGG 
BR G R B G BR B G 
B B R G R G G B R B 
R B BR G B G G B R 
R R R R R G G G G G 
12345 678910 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
G 
BB 
BGG 
GBGB 
BGRRG 
GBGRR B 
RGGBR RB 
RRBGG RRB 
GRRGB BRRB 
G R B BR R B G G B 
R BR B G BR G B G 
B R G R B G BR B G 
B BR G R G G B R B 
R G B R B B G B GR 
R R R R R G G G G G 
12375 678910 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
TABLE 2(c) 
B 
GG 
GBB 
BGBG 
BGRRG 
GGBRR B 
RBGGR RB 
RRGGB RRB 
GRRBG BRRB 
R R R 
R R R 
R R R 
R R R 
R R R 
R R R R R G G G G G 
12345 678910 
6 
7 
8 
9 
lO 
11 
12 
13 
15 
16 
16 
TABLE 2(d) 
B 
GB 
GGB 
BGGB 
G RR 
G RR B 
R G R RB 
RR G RRB 
RR G BRRB 
BR R R 
RBR R 
RBR R 
RBR R 
R RB R 
R R R R R G G G G G 
12345 678910 
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the matrix which is incomplete may be divided into four 5 by 5 sub- 
matrices I, II, III, IV (Table 1). 
Submatrix I gives the edges interjoining 1, 2, 3, 4, and 5. These must be 
(3)~-colored in blue and green, and by symmetry in 1, 2, 3, 4, 5, this 
(3)~-coloring can be accomplished in just four ways (Figure 4). The 
incidence matrices corresponding to Figures 4(a), (b), (c), and (d) are given 
in Tables 2(a), (b), (c), and (d). Columns 11 to 16 will be the same as in 
Table I, and so are omitted. We shall show that each of cases (a) and (b) 
leads to a (3)a-coloring, but that cases (c) and (d) do not. 
Submatrix II gives the edges joining 1, 2, ,3, 4, 5 to 6, 7, 8, 9, 10. We 
apply Lemma 2 to the green edges in the coloring, so that Figure 3, with 
vertices I, 2 ..... 15 renamed, represents he green edges. Now 6, 7, 8, 9, 10 
are joined to 16 by green edges, and correspond to 1, 2, 3, 4, 5 in Figure 3. 
1, 2, 3, 4, 5 will correspond to 6, 7, 8, 9, 10 or to 11, 12, 13, 14, 15 in 
Figure 3. It follows that each vertex 6, 7, 8, 9, 10 will be joined by green 
edges to two vertices from 1, 2, 3, 4, 5, and conversely. Thus there will 
be two G's in each row and in each column of II. Also 11, 12, 13, 14, 15 
will correspond to 11, 12, 13, 14, 15 or to 6, 7, 8, 9, 10 in Figure 3, and 
thus there will be two G's in each row and in each column of IV. Lemma 2, 
applied to blue edges, also implies that each row and each column of III 
and of IV contains two B's. 
CASE (a); 6 is joined by green edges to two of 1, 2, 5. But 1-2 and 
and 1-5 are green, so that if 6-1 were green either 6-1-2 or 6-1-5 would 
be a green triangle. Therefore 6-1 is blue and 6-2, 6-5 are green. Similarly, 
the remaining entries of submatrix I1 may be filled in. 
Also 11 is joined by blue edges to two of 1, 3, 4. But 1-3 and 1-4 are 
blue, and if 11-I were blue either 11-1-3 or 11-1-4 would be a blue 
triangle. Therefore, 11-1 is green, and 11-3, 1 I-4 are blue. All of sub- 
matrix III is filled up in this way. 
Finally, 1-11, 1-7, and 1-10 are green, and there will be a green 
triangle unless 11-7 and 11-10 are blue. Then 11-8 and 11-9 are green. 
IV is completed by similar arguments, and there is a unique incidence 
matrix in case (a). 
CASE (b): 6 is joined by green edges to two of 1, 2, 5. But 1-2 and 
1-5 are green as in (a), and thus 6-1 is blue and 6-2, 6-5, are green. Also 8 
is joined by green edges to two of 2, 3, 4, and since 4-3 and 4-2 are green, 
8-4 is blue and 8-2, 8-3 are green. The fact that each row and each 
column of II contains two G's enables us to fill in all other entries of II 
uniquely. 
Similarly 11-1 is green and 11-3, 11-4 are blue; 12-5 is green and 12-2, 
582/s/~-2 
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12-4 are blue. The fact that each row and each column of I I I  contains 
two B's determines the remaining entries of I I I  uniquely. 
Finally, most of the entries of IV are obtained by arguments similar to 
those in (a). The remaining entries are then determined uniquely by the 
condition that each row and each column of IV contains two B's and two 
G's. There is a unique incidence matrix in case (b). 
CASE (C): 7 is joined by green edges to two of 1, 2, 3. Since 3-1 and 
3-2 are green, 7-3 must be blue, and 7-1, 7-2 are green. Similarly, 4-1 
and 4-5 are green, and thus 10-4 is blue, 10-1 and 10-5 are green. Each 
row and each column of I I  contains two G's, and this determines all other 
entries of II. But now 8 and 9 are both joined by green edges to 3, 4, and 16. 
This contradicts Lemma 1, and therefore case (c) leads to no (3)3-coloring. 
CASE (d): 6 is joined by green edges to two of 1, 2, 5. Since 2-5 is green, 
either 6-2 or 6-5 is blue, and 6-1 is green. Similarly 7-2, 8-3, 9-4, and 
10-5 are green; 11-1, 12-2, 13-3, 14-4, and 15-5 are blue. Either 3-7 
or 3-9 is green because ach column of II contains two G's. We show that 
a contradiction results in either case. 
Suppose that 3-7 is green and 3-9 is blue. I f  3-11 is green, 7-11 and 
8-11 must be blue to prevent green triangles 3-7-11 and 3-8-11. But then 
7-8-11 is a blue triangle. On the other hand, if 3-11 is blue, 3-15 must be 
green because ach column of I I I  contains just two B's. Now 7-15 and 
8-15 must be blue to prevent green triangles 3-7-15 and 3-8-15, and then 
7-8-15 is a blue triangle. 
Therefore 3-7 is blue and 3-9 is green. I f  3-i1 is green, 9-11 and 8-11 
must be blue to prevent green triangles 3-9-11 and 3-8-11, and then 
9-8-11 is a blue triangle. On the other hand, if 3-11 is blue, 3-15 must be 
green. Now 9-15 and 8-15 must be blue to prevent green triangles 3-9-15 
and 3 8-15, and then 9-8-15 is a blue triangle. In either case, a contra- 
diction is obtained, and case (d) lead to no (3)3-coloring. 
Therefore, there are at most two distinct (3)3-colorings on 16 vertices. 
It is easy to show that in (a) and in (b) the subgraph formed by the vertices 
and edges of one colour is isomorphic to the graph in Figure 3. Since 
Figure 3 contains no triangles, there are no monochromatic triangles in 
(a) or in (b), and these are both (3)3-colorings. 
Coloring (b) is the one found by Mr. James, while (a) is isomorphic to 
the (3)a-coloring GG constructed in [2]. In GG, the 16 vertices are labeled 
with elements from GF(24)--that is, with polynomials in x of at most the 
third degree with coefficients from GF(2). Field elements are multiplied 
modulis x 4 -k x + 1 and 2. I f  the difference between two vertex elements 
is one o f  the cubic residues 1, x 3, x 3 -k x, x 3 -k x 2, or x 3 -[- x 2 -k x -? 1, 
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color the edge joining the vertices red; if the difference has the form xc 
where c is a cubic residue, color the edge green; and if it has the form x2c, 
color the edge blue. A color-preserving isomorphism of (a) and GG is 
given in columns 1 and 2 of Table 3. 
TABLE 3 
(a) GG GG 
1 x3+x2+x+l  xZ+x 
2 x 3 + x 2 x a + x ~ + x + 1 
3 1 1 
4 x 3 + x x ~ 
5 x ~ x 3 + x 2 
6 xS+x+l  x3+l  
7 x x 2 
8 x~+x+l  x2+2 
(a) GG GG 
9 x+l  x2+l  
10 x 3 +x  z+ 1 x 3+x 2+x 
11 x 2 x+ 1 
12 x a+x 2+x x 3- t -x+ 1 
13 x~+x x2+x+l  
14 x ~ + 1 x 3 + x ~ + 1 
15 x 2 + 1 x 
16 0 0 
There exists an automorphism of GG which carries a vertex A into any 
other vertex B: merely add B-A  to each vertex name. Thus in (a) each 
vertex is exactly like every other vertex. The mapping A--+ xA  in GG 
permutes colors according to (RBG) ,  while the automorphism given in 
columns 2 and 3 of Table 3 permutes the colors according to (R)(BG).  
Since (a) is isomorphic to GG, we may renumber the vertices of (a) to 
achieve any desired permutation of colors. In attempting to construct an 
isomorphism of (a) and (b), we may assume that each edge of (a) is 
mapped onto an edge of the same color in (b). Furthermore, we may 
assume that vertex 16 in (a) is mapped into vertex 16 in (b). We will write 
this "16a +-+ 16b." 
The vertices joined to 16 by blue edges in (a) must be mapped onto the 
vertices joined to 16 by blue edges in (b). Since (a) is symmetrical in 1 l, 12, 
13, 14, 15, take l la+-+l lb .  But red edges are preserved, and so 
{15a, 12a}+~ {15b, 12b}. By symmetry in (a), take 15a+-+ 15b, 12a~--~ 12b. 
Now 13a-12a is red and 13a-16a is blue; so we must have 13a~-+ 13b. 
Similarly, 14a~-+ 14b, and in general each vertex in (a) is mapped into 
the vertex of (b) with the same number. Since the color of edges is 
preserved, the incidence matrices for (a) and (b) must be identical. This 
is clearly not so (see Table 2), and no isomorphism exists. It follows that 
(b) and (a) are distinct (3)3-colorings; one cannot be obtained from the 
other by permuting colors and/or renaming vertices. We have proved the 
following result: 
THEOREM. There are exactly two non-isomorphic (3)8-colorings on 
16 vertices. Their incidence matrices are given in Tables 2(a) and 2(b). 
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